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^ '. Abstract 
P-i, 

, We develop the physics of dual kappa Poincare algebra, which we will call dual DSR. First we 

show that the dual kappa Poincare algebra is isomorphic to de Sitter algebra and its space-time is 
essentially de Sitter space-time. Second, we show how to derive the coproduct rule for Beltrami 
and conformal coordinates of de Sitter spacetime. It follows from the current literature on de 
Sitter relativity that the speed of light c and the de Sitter length are the two invariant scales of 



the physics of dual kappa Poincare. Third, we derive the first Casimir invariant of the dual kappa 
Poincare algebra and use this to derive an expression for the speed of light, our fourth result. Fifth, 
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the field equation for the scalar field is derived from the Casimir invariant. The results for the 



coordinate speed of light and the scalar field theory are the same as in de Sitter theory in the planar 
coordinate basis. Thus, we have shown that the physics of the dual kappa Poincare algebra (in 
the dual bicrossproduct basis), which can be appropriately called dual DSR, is essentially de Sitter 
relativity. Finally, we note that dual DSR is not a quantum theory of spacetime but a quantum 
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C$ ■ theory of momenta. 
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I. INTRODUCTION 



Doubly special relativity (DSR), the physics of kappa Poincare algebra, is a bottom-up 
approach to quantum gravity and was initiated in jl|. It leads to a quantum spacetime 
at distance scales of the Planck length, which unfortunately seems to be contradicted by 
the recent measurement of the speed of light from a gamma ray burst [2]. But before 
this major problem came to light, DSR already faced some difficulties including the so 
called soccer ball problem jg], which limits the energy of macroscopic objects to that of the 
Planck energy, something that is obviously false. The origin of this problem is the algebraic 
properties of space-time and momentum space, i.e., space-time has trivial co-algebra and 
non-trivial algebra while momentum space has non-trivial co-algebra and trivial algebra. 
The non-trivial co-algebra of the momentum space leads to the soccer ball problem while 
the non-trivial algebra of spacetime leads to a quantum gravity that linearly alters the speed 
of light with energy. As already noted, the former is obviously false while the latter seems 
to be particularly ruled out by the recent measurement of the speed of light from gamma 
ray burst {2]. 



When the author presented the dual kappa Poincare algebra 3], one motivation was to 
avoid the soccer ball problem. An obvious way to do this is to have a trivial co-algebra 
in momentum space. Following the chain of arguments in kappa Poincare algebra and its 
Hopf algebra, the author constructed the dual kappa Poincare algebra with the following 
properties - (1) the Lorentz subalgebra remains the same, (2) the space-time has a trivial 
algebra but non-trivial co-algebra, (3) the momentum space has trivial co-algebra but non- 
trivial algebra, (4) the space-time is not unique as it satisfies a relation similar to the equation 
satisfied by the momenta in kappa Poincare algebra. 

In this paper, we will develop the physics of dual kappa Poincare algebra. First, we 
will show that the dual kappa Poincare algebra is isomorphic to de Sitter algebra. Then 
we will complete the proof that the dual kappa Poincare spacetime is the same as de Sitter 
spacetime by showing that the different coordinate systems used in de Sitter relativity satisfy 
the general relation satisfied by dual kappa Poincare spacetime. These two suggest that the 



physics of dual kappa Poincare algebra is the same as de Sitter relativity^ 
have two invariant scales - the speed of light c and the de Sitter length 



rich is known to 
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As a byproduct of the equivalence of dual kappa Poincare spacetime to de Sitter space- 
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time, we present the coproducts of spacetime in the natural, Beltrami and conformal coor- 
dinates starting from the coproduct rule in the planar coordinate basis. The coproducts in 
the Beltrami and conformal coordinates are systematically expanded in powers of R, which 
is an excellent expansion parameter because of its extremely small value (given the present 
size of the universe, about 10 _26 m _1 ) [5|]. 

Next we derive the first Casimir invariant of dual kappa Poincare algebra. Unlike in 
kappa Poincare algebra where the first Casimir invariant is purely a function of momenta, 
the first Casimir of the dual kappa Poincare algebra depends on all the generators - the 
momenta, boosts and rotations. From the first Casimir invariant, we derive an expression 
for the speed of light. The speed of light we get is the coordinate speed of light in the planar 
coordinate system. 

Finally, we derive the field equation for a scalar particle from the first Casimir invariant. 
Since space-time commutes, the scalar field theory derivation is rather straightforward unlike 
in kappa Poincare algebra that involved a five-dimensional differential calculus. In the case 
of dual kappa Poincare, we only needed to find a differential realization of the momenta that 
is consistent with the algebra. The scalar field theory is that of a scalar field theory in de 
Sitter gravity. 

All these mean that dual DSR is classical de Sitter relativity, where spacetime is classical 
(commutes) and the momenta is quantized (non- commuting). The ideas presented here 
have intersections with the ideas of Aldrovandi et al jj] and Guo et al Of the two 
groups, Guo et al argued explicitly that de Sitter relativity in Beltrami coordinates is dual 
to Snyder's theory of non-commuting spacetime (which is one of the basis for DSR theories) 
and even pointed out the dual relation between the Planck length (invariant length in DSR) 
and the de Sitter length (invariant length in de Sitter). The contributions of this paper 
to the topic are (1) it derives de Sitter spacetime and relativity from Poincare algebra and 
spacetime following the dual relations in kappa Poincare algebra, (2) derives the coproducts 
of spacetime in some of the coordinate systems used in de Sitter relativity, (3) presents the 
Casimir invariant of dual kappa Poincare, from which we derive (4) the speed of light, and 
(5) scalar field theory. 
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II. EQUIVALENCE OF DUAL KAPPA POINCARE AND DE SITTER 



In a recent paper [3|, the author derived another way of modifying the Poincare alge- 
bra such that the Lorentz algebra is maintained, space-time commutes (but does not co- 
commute) while the momentum space co-commutes (but does not commute). By structure 
and construction this algebra is dual to the kappa Poincare algebra in the bicrossproduct 
basis and thus appropriately called dual kappa Poincare algebra. The algebra is given by 
the following relations: 



[M^Mj] = ie ijk M k , 


(la) 


[NuNj] = -ie ijk M k , 


(lb) 


[M^ Nj] =ie ijk N h , 


(lc) 


[Mi, Pa] =0, 


(Id) 


[Mi,Pj\ = ie ijk P k , 


(le) 


[Ni,P ] =iP i + iRN i , 


(If) 


[Ni, Pj] = iSijPo + iRe ijk M k , 


(lg) 



where M i} iVj and P M are the rotation, boost and momentum generators. Note, we corrected 
the sign errors in equations (lb) and (lg) that was given in |3j. The parameter R is related 
to the cosmological constant A and de Sitter length / via 

n = kl = r\ (2) 

We will now show that this algebra is isomorphic to de Sitter algebra. 
The de Sitter algebra is geometrically understood by embedding de Sitter space-time in 
a five- dimensional Minkowski space-time through the hyperboloid 

a a, a. 

AB 2 -» -> 2 i2 /o\ 

v vavb = y - y ■ y - y± = -* > ( 3 ) 

where I is the de Sitter length and r\ AB = (+, — , — , — , — ) is the five- dimensional metric and 
capital Latin letters run from to 4. The isometries of the hyperboloid are generated by 
the so(l,4) algebra, the Lorentz algebra of the five-dimensional Minkowski space, which are 
also the generators of the de Sitter algebra. The generators are given by 

Jab = VaKb - yB^A, (4) 
4 



where tta = if]AB ■ The so (1,4) algebra is given by 



[Jab, Jcd] = IVbcJad + iiIadJbc ~ ^acJbd ~ ir) BD J AC . 



(5) 



This equation contains the so(l,3) Lorentz algebra of the 4 dimensional Minkowski space, 
which is the same as equation (5) except the indices A, B etc. are replaced by lower case 
Greek letters fi, u, etc. that run from to 3. The so(l,3) algebra can be rewritten as 



[mi.nij} = ie ijk m k , 
[mi,nj] = ie ijk n k , 
[ni,rij] = -ie ijk m k , 



(6a) 
(6b) 
(6c) 



where the indices (i,j,k) run from 1 to 3 and 



n^i ^-ijkJjk, 
n i = Joi- 



(7a) 
(7b) 



From equations (5) and (6) we can identify the the Lorentz subalgebra of the 4D de Sitter 
algebra with the flat space Lorentz algebra, i.e., 



Tli = X Pi - XiPo, 



(8a) 
(8b) 



where (a^,^) are the Minkowski phase space variables. The realization of the transla- 
tion generators of de Sitter space depend on the choice of coordinates on the hyperboloid. 



However, the translation generator is defined 



(9) 



Using equation (5), we find that the translation generators satisfy 
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P P 



^]iipJ > v VvpPp,, 
= K J,, 



(10a) 
(10b) 



Equations (5) (with A,B replaced by fi, u), (10a) and (10b) constitute the de Sitter algebra. 
The accompanying phase space algebra and the action of rotations and boosts on space-time 
depend on the coordinate system used. 



Equations (la) to (lc) of the dual kappa Poincare algebra are the same as equations (6a) 
to (6c), they represent the Lorentz subalgebra. Equations (Id) and (le) are the same as 
equations (10a) with ji = %,v = j. However, equations (If) and (lg) are not the same as 
equation (10a) with n — i, v — 0. Lastly, in dual kappa Poincare algebra 



[P ,Pi\ =iRPi. 
[Pi,Pj\=0, 



(11a) 
(lib) 



which are definitely not the same as equation (10b) of de Sitter algebra. Thus, it looks like 
the dual kappa Poincare algebra is not the same as de Sitter algebra. However, consider the 
following simple transformations: 



Ni = Ni, 
Mi = Mi, 
Po = Pq-, 



Pi = Pi + RNi. 



(12a) 
(12b) 
(12c) 
(12d) 



Equations (12a) and (12b) guarantee the same Lorentz subalgebra. Equations (12b) and 
(12c) will also leave unchanged equations (Id) and (le), which are the same as in de Sitter 
algebra. Using equations (If) and (lg) and equations (12a) and (12b), we find 



Ni, Pj 



Ni,P 

Po, Pi 



= iSijPo, 
= iPi, 



-lK 2 Nj 



P P 

1 H 1 3 



= -in e ijk M k . 



(13a) 
(13b) 
(13c) 
(13d) 



Now, equations (13a) and (13b) are the same as equation (10a) for fj, — 0, v — i while 
equations (13c) and (13d) are the same as equation (10b). Thus, by a simple transformation 
defined by equation (12d) the dual kappa Poincare algebra is isomorphic to de Sitter algebra. 

Since dual kappa Poincare algebra is isomorphic to de Sitter algebra, their space-times 
must be the same. And indeed this will be shown true to be true in the following. Reference 
(3) clearly shows that the space-time of kappa Poincare is not unique. Expressed in terms 
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of a reference Minkowski space-time, the dual kappa Poincare space-time are given by 

X = f(x ,x- x), (14a) 

Xi = Xig(x ,x ■ x), (14b) 

with inverses given by 

x = F(X ,X.X), (15a) 

x i = X l G(X ,X-X). (15b) 

Equations (14a) and (14b) are are derived by imposing that the rotation generators Mi leave 
time invariant and rotate the spatial coordinates. The action of boosts iVj on space-time are 
given by 

[N i ,X ]=iD(X ,X.X)X i , (16a) 
[N t , Xj] = iStjAiXo, X-X) + iXXjBiXo, X-X), (16b) 

where 

A = Fg, (17a) 
B = G^2F-$- + ^-), (17b) 



d(x ■ x) dxo 



Since A, B and D satisfy the non-linear equation 

A+(X -X)B -AB = 1, (18) 



8A - OA 
-D + 2- 



dX o d(X ■ X) 

out of the two functions /, g (or equivalently F, G), one is left unspecified. Thus, there is no 
unique dual kappa Poincare space-time. Equations (14) to (18) are similar to the relations 
satisfied by the momenta in kappa Poincare algebra, thus the label dual kappa Poincare 
algebra is appropriate for the algebra we are considering here. 

We will now show that the known coordinate systems used in describing de Sitter space- 
time satisfy equation (18). In reference (3), the dual kappa Poincare algebra in the dual 
bicrossproduct basis was presented. Its space-time X^ is given in terms of a reference 
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Minkowski space-time x M by the transformations 



X = f = — In (kx + J n 2 (xl — x ■ x) + 1), (19a) 

Xi = = a*- 1 == (19b) 

kx + y K \ x o — x ■ x) + 1 



with the inverses 



1 _ k - - 

x = F = - sinh (RX Q ) + -X ■ X exp (itX ) , (20a) 
k 2 

Xi = XiG = Xi exp («X ) • (20b) 

Equations (19) and (20) define the planar coordinates of de Sitter space-time [zj], which is 
usually presented with the fifth coordinate of the hyperboloid given by 

Xi = -cosh— - ^(X-X) exp (RX ). (21) 

What is the relevance of completing the Minkowski space-time (x ,x) to de Sitter space- 
;ime (xq,x,X4) in defining the dual kappa Poincare space-time (Xo,X)7 Kowalski-Glikman 
8J showed that the geometrical basis of the bicrossproduct kappa Poincare algebra is de 
Sitter momentum space. Since the dual bicrossproduct basis of the dual kappa Poincare 
algebra has the same structure as the bicrossproduct basis of kappa Poincare algebra in 
momentum space for the latter but in space-time for the former, then the same argument 
for the completion to de Sitter space-time holds. In particular, without the completion to 
de Sitter space-time equation (19) would have led to a trivial co-product instead of 

A(X ) = X g) 1 + 1 ® X , (22a) 
A(Xi) = Xi ® 1 + exp (-kX ) ® (22b) 

By construction of the dual kappa Poincare algebra, its space-time is not unique because 
one of the two functions / and g (or equivalently F and G) is left unspecified. The dual 
kappa Poincare space-time satisfies a non-linear constraint given by equations (17) and (18). 
In the case of the dual bicrossproduct basis, which is the same as the planar coordinates of 
de Sitter space-time, equations (17), (19) and (20) yield 

A p = -^(1 - exp (-2«X )) + ^(X ■ X), (23a) 
B p = -R, (23b) 
Dp = 1. (23c) 
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These satisfy equation (18). What we will show is that some of the other known coordinates 
used in de Sitter space-time also satisfy equation (18) and this should conclusively prove 
that the space-time of dual kappa Poincare is de Sitter space-time. We have not verified 
that all the coordinate systems used in describing de Sitter space satisfy equation (18) but 
since these different coordinate systems are different ways of parametrizing the hyperboloid 
given by equation (3), then the different coordinate systems can be related to one another. 
And if one satisfies equation (18), the others should also satisfy equation (18). Thus we will 
only verify the dual kappa Poincare space-time relation for a few of de Sitter space-time 
coordinate systems. 

(a) Natural coordinates 

This is the simplest case since 

y, = x;. (24) 

The fifth coordinate of the hyperboloid is given by 



y/(x n ) 2 + i 2 . (25) 



From equation (24) we read off 



fn — 2/o> (26a) 

9n = 1, (26b) 

K = XI (26c) 

G n = l. (26d) 



from which we get 



A c = X c , (27a) 
B c = 0, (27b) 
D c = 1, (27c) 

which obviously satisfy equation(18). Thus, we have shown that the natural coordinate 
system used in de Sitter space-time satisfy the dual kappa Poincare spacetime condition. 
The coproduct rule for the natural coordinates of de Sitter spacetime (equivalent to equa- 



tion (22)) easily follows from the classical basis of DSR ll|] because the natural coordinates 



of de Sitter spacetime is dual to the classical basis of DSR. From the coproduct rule of the 



momenta in the classical basis of DSR, we infer the coproduct rule for the natural coordinates 
given by 

A(X? ) = X? ® K + 1 <g> X?, (28a) 

A(X n ) = 1- (K ® K - K 1 ® KT 1 ) + H (28b) 
2k 

where 

K = « [x o ™ + ((X ™) 2 - X n ■ X™ + Z 2 )*l , (29a) 
H = | (k^X" ■ X n ® K + 2K~ 1 XT l ® X™ + K 1 ® K _1 X n ■ X") (29b) 

(b) Beltrami coordinates 

The Beltrami coordinates [h]] of de Sitter space-time are given by 

y, = i X " (so) 

The fifth coordinate of the hyperboloid in terms of the Beltrami coordinates is 

«J = (i - « 2 x*)-i (3i) 



The inverse of equation(30) gives 



From these we derive, 



X„ = ; ^ (32) 



/fe = 7rfpF' (33a) 

= n 1 ip ( 33b ) 



f » = TOT' (33c) 
g ' = 7™- (33d) 

From equations (33a) to (33d), we get A b , B b and D b with values the same as those given 
by equation (27), which means the Beltrami coordinates of de Sitter space also satisfies the 
condition for space-time of dual kappa Poincare. 
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We will now derive the coproduct rule for Beltrami coordinates. We can easily relate 
the Beltrami coordinates to the planar coordinates by making use of the relations of both 
coordinate systems to the hyperboloid. The result is 



J sinh (RX ) + \{X ■ X) exp (RX 

_(i + r)*_ 

b x i exp (RX ) 



X 



(34a) 
(34b) 



T = sinh^ (RX ) + — [X-X) exp (2RX 0) 



kT [X ■ X exp (2RX ) — — R [X-X 



(34c) 



The coproduct rules can be systematically expanded in powers of R, which is a valid ex- 
pansion parameter because its value is very small. We do this by (i) doing a Maclaurin 
expansion of equations (34a) to (34c) in terms of Xq and X ■ X (note, there is no operator 
ordering problem because the coordinates commute), (ii) using the coproduct rules for the 
planar coordinates given by equation (22), (iii) employing the following coproduct rules 



A(AB) = A(A)A{B), 
(A ® B)(C ® D) = AC ® BD, 



(35a) 
(35b) 



and (iv) expressing the planar coordinates in terms of the Beltrami coordinates as given by 

X? 



X, 



1 + RX B ' 



X n 



In 



K 







1 + RX£ 



1 - R 2 ((X B ) 2 - X B ■ X B ) 
The resulting coproduct rule for the Beltrami coordinates, expanded up to order R, are 



(36a) 
(36b) 



A(X B ) = Xf ® 1 + 1 ® Xf + R\Xf ® X B + 1 ® XfX B \ + 



A(*<T 



X { 



B 



1 + 1®X B + ^[(X B -X B ) 



i,i i - Mi - ' ' • 1 ! ! • ••• -rr\ \ " • 5 / y 1 4" 1 ® {X ■ X 

- [X B f ® 1 - 1 ® (X B ) 2 + 2X B ®Xf } + .... 
(c) Conformal coordinates 

This is arrived at through stereographic projections from the 
(see equation 3) to a 4D space-time (Xq, Xf ) and it is given by 

1 



(37a) 
(37b) 



[i-M(x«Y-x c -x c )] X "' 



ivperboloid coordinates i/a 

ik 

(38) 
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For completeness and comparison with the planar coordinates, we give the fifth component 
of the hyperboloid in conformal coordinates 

x 2 * 



(i-S) 



(39) 



where y 2 = y 2 — y ■ y. The inverse is given by 




1±\ 1 + 



2y„ 



(40) 



1 + (1 + R 2 y 2 ) 



From these we identify 




(41a) 
(41b) 

(41c) 
(41d) 

If the conformal coordinates of de Sitter is to satisfy the condition for dual kappa Poincare 
space-time, the corresponding A c , B c and D c should satisfy equation (18). Indeed this is 
true since the values are the same as those given in equation (27). 

To derive the coproduct rules for the conformal coordinates, we follow the same proce- 
dure we used in the Beltrami coordinates. Using the conformal coordinates - hyperboloid 
coordinates relation given by equation (40) (we will use the second relation) and the hyper- 
boloid - planar coordinates relation given by equation (15), we derive the conformal-planar 
coordinates relations 

| sinh (RX ) + k(X ■ X) exp RX 



Xf 



i + (i + r)5 

2Xi exp RX 



i + (i + r)5 



(42a) 
(42b) 



where T is given by equation (34c). Doing a Maclaurin series expansion and making use 
of the coproduct rules given by equation (35) and making use of the inverse relations to 
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equations (42a) and (42b), which gives 



X 



(43b) 



(43a) 



we get the coproduct rules up to order k 



A(X C ) = X C ® 1 + 1 <g> X C + kX, c ® X? + 



(44a) 



A(X, C ) = Xf ® 1 + 1 <8> Xf + kX^ ® X C + 



(44b) 



Thus, we have established that the spacetime of dual kappa Poincare algebra is de Sitter 
spacetime. We also worked out the coproduct rules for some of the coordinate systems 
used in de Sitter spacetime. The lowest order corrections to flat spacetime coproducts are 
given by the R terms in equations (37) and (43). From , which showed that de Sitter 

relativity has two invariant scales - the speed of light and de Sitter length, it follows that 
the physics of dual kappa Poincare algebra can be appropriately called dual DSR. 

III. THE CASIMIR INVARIANT AND THE SPEED OF LIGHT 

The Casimir invariants of an algebra commute with all the generators of that algebra. 
The first Casimir invariant is particularly significant because the speed of light and the scalar 
field theory are derivable from it. In the case of Poincare algebra, where the first Casimir is 
given by 



C(p ,p-P) =P 2 -P-P = m 2 . 



(45) 



The speed of light is given by 




(46) 
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In the case of kappa Poincare algebra in the bicrossproduct basis with algebra given by 



ie iik M k , 



[Mi,Mj] 
[M i: Nj] - „,„, 
[Ni, Nj] = -ie ijk M k , 

[M u P ] = 0, 
[Mi, Pj] = ie ijk P k , 

[Ni,P }=iPi, 

1 - exp (-2 — 



-P-P 



the first Casimir invariant is given by 
C(P ,P-P) 



2k sinh( — ) 

v 2k' 



2k 



(P.P)exp(^) 

K 



K 



-P-P- 



m 



(47a) 
(47b) 
(47c) 
(47d) 
(47e) 
(47f) 

(47g) 
(48) 



The second equality in equation (48) follows from the Poincare limit (k — > oo), which gives 
Pq ~^ Po and Pi — )■ p». From this Casimir invariant, we derive the speed of light 



dPo 
dP 



m— ¥0 



(49) 



Equation (49) gives an energy or frequency dependent speed of light that apparently is not 
consistent with the recent gamma ray burst experiment 

We will follow the same procedure in deriving the speed of light in dual kappa Poincare 
algebra. However, in this case, we find that the Casimir invariant cannot just be a function 
of Po and P ■ P. The dual kappa Poincare algebra is given by equation (1) while its phase 
space algebra is given by 



[X„X U ] =0, 
[Pi,X ] = [Pi, Pj] =0, 
[P ,X ] =i, 
[Pi,Xj] = -iSij, 
[P ,Xi] = -ihXi, 
[P ,Pi] =iRP l . 



(50a) 
(50b) 
(50c) 
(50d) 
(50e) 
(50f) 



These equations mean that in dual kappa Poincare, space-time commute but not co-commute 
and the momenta co-commute but do not commute, which are opposite to those in kappa 
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Poincare 3|- If we look for a Casimir invariant that is purely a function of Pq and P ■ P, 
the algebra given by equation (1) will yield C = 0, i.e., a trivial Casimir invariant. Thus, 
we need to expand the dependence of the Casimir. Since the Casimir invariants are scalars, 
it should depend only onl-l, N ■ N, M ■ N + N ■ M and N ■ P + P ■ N. There is no 
M ■ P + P ■ M because this term is zero as can be seen from the fact that (see 

Mi = e^XjPk. (51) 

Assume the following ansatz for the Casimir invariant 

C = F 2 - P ■ P + aN ■ N + bM ■ M + c(N ■ P + P ■ N) + d(M ■ N + N ■ M). (52) 

Taking the commutator with P , we get a = 0, c = — R, d = 0. Taking the commutator 
with Pi, we get b = —R 2 . With these values, we find that the commutators with Mj and iVj 
are trivially satisfied. Thus we find that the Casimir invariant of the dual kappa Poincare 
algebra in the dual bicrossproduct basis is 

C = Pq - P ■ P - R 2 M ■ M + -R(N -P + P-N). (53) 

In the Poincare limit, i.e., R — > 0, we find equation (53) reducing to the Poincare first Casimir 
invariant, thus C = m 2 and the Casimir invariant for the dual kappa Poincare algebra seems 
to be correct. 

Equation (53) is one of the main results of this paper. And we will use this result to 
derive the speed of light by following the same prescription in Poincare and kappa Poincare 
algebras. First we derive an expression for iVj in terms of the dual kappa Poincare coordinates 
and momenta. Using equations (20b), (34a), (34b) of [3j, we find 

Ni = -^P t + X t P - ^Pi(X ■ X) + ^Pi exp {-2RX Q ). (54) 
2k 2 Ik 

This expression for Ni has operator ordering ambiguity in the second and third terms because 
of the non-commutativity of Po with Xj (see equation (50e)) and the non-comutativity of Xj 
with Pj. And if we do not operator order these two terms, we find that the Lorentz algebra 
relations given by equations (lb) and (lc) will not be satisfied. The operator-ordered Ni 
that is consistent with the dual kappa Poincare algebra given by equations (la) to (lg) is 

1 = 1 



Ni = 

2R 



Pi + ^(XiP + P Q Xi) - 7 (Pi{X • X) + (X • X)^) + — P.exp (-2RX ). (55) 
z 4 V J Ik 
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These consistency calculations, which make use of the dual kappa Poincare phase space 
algebra (equation (50)), are straightforward but rather long and tedious. 
Using equations (51), (55) and (lg), we express the Casimir invariant as 

C = Pq — (P ■ P) exp (-2«X ) - k[{P ■ X)P + P^Xi + 3iP ] 

+ y [2(P ■P){X-X) + Pi(X ■ X)Pi - 2(X -X){P-P)- 2i(X ■ P) + 2{X ■ P) 2 } = m 2 . 

(56) 

From this expression, we find the speed of light in dual DSR 

« exp (-RXq) (57) 

Thus, we find that the speed of light in the dual bicrossproduct basis of the dual kappa 
Poincare algebra is the coordinate velocity of light in the planar coordinates as given by 
ds 2 = with 

ds 2 = dX 2 - exp (2RX )dX ■ dX. (58) 

This result is expected because the spacetime of the dual kappa Poincare algebra in the dual 
bicrossproduct basis is the planar coordinates of de Sitter gravity 




IV. SCALAR FIELD THEORY 



In the Poincare case, the scalar field theory - the Klein-Gordon equation, is derived from 
the first Casimir invariant and a differential realization of the momentum operator, which in 
turn follows from the phase space algebra. In the kappa Poincare algebra, the field theory is 
rather involved because of the non-commuting spacetime. Expressed in terms of Minkowski 
spacetime, the scalar field theory of kappa Poincare is given by the non-local expression 12 \ 



s = J d 4 x|^(^)*v / rT^(a^) + ^0*v / TT^0|, 



(59) 



where d 2 = <9q — d ■ d. 



In the case of dual kappa Poincare algebra, we do not expect a non-local field theory 
because spacetime is commutative. Also, given the results in section II, we expect a local 
field theory in de Sitter gravity. This will be shown stating from the Casimir invariant given 
by equation (49). The phase space algebra given by equation (43) is realized by the following 
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differential realization of the momentum operators 



Pq = i^rTr ikX 



dX J dXj' 
dX 3 

Substituting these in equation (56), we find the scalar field equation 

d 2 



dx 2 



d _ - d 2 

+ exp (— 2kX ) 



m 



= 0. 



dx ' -—'dx 2 

This is precisely the Klein-Gordon equation in de Sitter spacetime given by 

1 



-A, 



\9\ 



m 



= 0, 



(60a) 
(60b) 



(61) 



(62) 



with the metric given by equation (58). Thus, the field theory derived from the Casimir 
invariant of the dual kappa Poincare algebra in the dual bicrossproduct basis is de Sitter 
scalar field theory in planar coordinates. 



V. CONCLUSION 



This paper discussed the physics of dual kappa Poincare algebra. We showed that the dual 
kappa Poincare algebra in the dual bicrossproduct basis is isomorphic to de Sitter algebra 
thus hinting that the spacetime of dual kappa Poincare algebra is de Sitter spacetime. 
Indeed, this is true as we verified next that the planar, conformal, Beltrami and natural 
coordinates of de Sitter spacetime satisfy the general condition of dual kappa Poincare 
spacetime (equation (18)). We also presented in this paper the coproduct rules for the 
conformal, natural and Beltrami coordinates of de Sitter relativity. Following the arguments 
of Aldrovandi et al and Guo et al, the physics of dual kappa Poincare spacetime has two 
invariant scales - the speed of light and the de Sitter length. This means that the the physics 
of dual kappa Poincare algebra can be appropriately called dual DSR. 

We then derived the Casimir invariant of dual DSR in the dual bicrossproduct basis. The 
Casimir invariant is also dependent on M and N unlike in the DSR case. From this Casimir 
invariant, we derived the speed of light and it is the same as the coordinate speed of light in 
the planar coordinates. The field theory derived from the Casimir invariant is then shown 
to be scalar field theory in de Sitter gravity in the planar coordinate basis. 
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We note that dual DSR is classical de Sitter gravity unlike DSR, which leads to quantum 
spacetime. Unfortunately, it seems from the recent gamma ray burst measurement that 
spacetime does not seem to have a granular structure even at the length scale of the Planck 
length. On the other hand, de Sitter gravity seems to account for the large scale structure of 
the Universe. What this paper showed is how to derive de Sitter gravity from the Poincare 
algebra (with flat spacetime), deformed as measured by the parameter k, which is the inverse 
of the de Sitter length. 

Finally, we note that the non-commuting momenta suggests a minimum value for the 
momentum of physical processes. This momentum must be observer-independent as the 
analogy with DSR suggests. Since the minimal momenta does not have big enough energy 
to change gravity profoundly, this is not expected to lead to a quantum theory of gravity. 
However, it may lead to a better understanding of quantum theory in a de Sitter background. 
The minimum momentum may lead to a dual generalized uncertainty principle just like the 
existence of minimal length in DSR led to a generalized uncertainty principle If the 
generalized uncertainty principle leads to a universal but very small effect of quantum gravity 



in all physical systems, including the 
to p A is induced in all Hamiltonians 



lydrogen atom, because an extra term proportional 
14j . then in dual DSR the dual generalized uncertainty 
principle is expected to add a universal and very small x 4 term in all Hamiltonians. This 
may be a testable effect of long distance physics (de Sitter gravity) on short-ranged physical 
systems. In the case of the harmonic oscillator, it may mean that a double potential well 
(if the appropriate sign of the coefficient of x 4 can be had) should be considered with its 
concomitant symetry breaking effects. These ideas are currently being explored. 
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^ '. Abstract 
Q-i, 

, We develop the physics of dual kappa Poincare algebra, which we will call dual DSR. First we 

show that the dual kappa Poincare algebra is isomorphic to de Sitter algebra and its space-time is 
essentially de Sitter space-time. Second, we show how to derive the coproduct rule for Beltrami 
and conformal coordinates of de Sitter space-time. It follows from the current literature on de 
Sitter relativity that the speed of light c and the de Sitter length are the two invariant scales 
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of the physics of dual kappa Poincare. Third, we derive the first Casimir invariant of the dual 
kappa Poincare algebra and use this to derive an expression for the speed of light, our fourth 



CN 
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00 

result. Fifth, the field equation for the scalar field is derived from the Casimir invariant. The 



results for the coordinate speed of light and the scalar field theory are the same as in de Sitter 
theory in the planar coordinate basis. Thus, we have shown that the physics of the dual kappa 
Poincare algebra (in the dual bicrossproduct basis), which can be appropriately called dual DSR, is 
essentially de Sitter relativity. Sixth, we argue the existence of an observer-independent minimum 



5-H 

momentum. Seventh, we argue heuristically that the existence of minimum momentum will lead to 
a dual generalized uncertainty principle. Finally, we note that dual DSR is not a quantum theory 
of space-time but a quantum theory of momenta. 
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I. INTRODUCTION 



cappa Poincare algebra, is a bottom-up 
It leads to a quantum space-time at 



Doubly special relativity (DSR), the physics of 
approach to quantum gravity and was initiated in 
distance scales of the Planck length, which unfortunately seems to be contradicted by the 
recent measurement of the speed of light from a gamma ray burst [2]. But before this major 
problem came to light, DSR already faced some difficulties including the so called soccer 
ball problem (see [3] for an introductory discussion), which limits the energy of macroscopic 
objects to that of the Planck energy, something that is obviously false. The origin of this 
problem is the algebraic properties of space-time and momentum space, i.e., space-time has 
trivial co-algebra and non-trivial algebra while momentum space has non-trivial co-algebra 
and trivial algebra. The non-trivial co-algebra of the momentum space leads to the soccer 
ball problem while the non-trivial algebra of space-time leads to a quantum gravity that 
linearly alters the speed of light with energy. As already noted, the former is obviously false 
while the latter seems to be particularly ruled out by the recent measurement of the speed 
of light from gamma ray burst j^J . 

When the author presented the dual kappa Poincare algebra [4], one motivation was to 
avoid the soccer ball problem. An obvious way to do this is to have a trivial co-algebra 
in momentum space. Following the chain of arguments in kappa Poincare algebra and its 
Hopf algebra, the author constructed the dual kappa Poincare algebra with the following 
properties - (1) the Lorentz subalgebra remains the same, (2) the space-time has a trivial 
algebra but non-trivial co-algebra, (3) the momentum space has trivial co-algebra but non- 
trivial algebra, (4) the space-time is not unique as it satisfies a relation similar to the equation 
satisfied by the momenta in kappa Poincare algebra. 

In this paper, we will develop the physics of dual kappa Poincare algebra. First, we will 
show that the dual kappa Poincare algebra is isomorphic to de Sitter algebra. Then we will 
complete the proof that the dual kappa Poincare space-time is the same as de Sitter space- 
time by showing that the different coordinate systems used in de Sitter relativity satisfy the 
general relation satisfied by dual kappa Poincare space-time. These two suggest that the 



physics of dual kappa Poincare algebra is the same as de Sitter relativity^w 
have two invariant scales - the speed of light c and the de Sitter length 



rich is known to 
6|- 



As a byproduct of the equivalence of dual kappa Poincare space-time to de Sitter space- 
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time, we present the coproducts of space-time in the natural, Beltrami and conformal coor- 
dinates starting from the coproduct rule in the planar coordinate basis. The coproducts in 
the Beltrami and conformal coordinates are systematically expanded in powers of R, which 
is an excellent expansion parameter because of its extremely small value (given the present 
size of the universe, about 10~ 26 m ) |6|]. 

Next we derive the first Casimir invariant of dual kappa Poincare algebra. Unlike in 
kappa Poincare algebra where the first Casimir invariant is purely a function of momenta, 
the first Casimir of the dual kappa Poincare algebra depends on all the generators - the 
momenta, boosts and rotations. From the first Casimir invariant, we derive an expression 
for the speed of light. The speed of light we get is the coordinate speed of light in the planar 
coordinate system of de Sitter space-time. 

We next derive the field equation for a scalar particle from the first Casimir invariant. 
Since space-time commutes, the scalar field theory derivation is rather straightforward unlike 
in kappa Poincare algebra that involved a five-dimensional differential calculus. In the case 
of dual kappa Poincare, we only needed to find a differential realization of the momenta that 
is consistent with the algebra. The scalar field theory is that of a scalar field theory in de 
Sitter gravity. 

If in DSR there is a minimum length - the Planck length - that is observer- independent, 
we next argue that there must be a minimum momentum in dual DSR or de Sitter relativity. 
This Pmini from the de Broglie relation must be equal to h/l, where I is the de Sitter length. 
We then argue that this minimum momentum is also observer- independent. Furthermore, we 
derive, heuristically, that the existence of this minimum momentum changes the uncertainty 
principle to what can be called dual generalized uncertainty principle. 

All these mean that dual DSR is de Sitter relativity, where space-time is classical (com- 
mutes) and the momenta is quantized (non-commuting). The ideas presented here have 
intersections with the ideas of Aldrovandi et al jsj and Guo et al Guo et al argued 
explicitly that de Sitter relativity in Beltrami coordinates is dual to Snyder's theory of non- 
commuting spacetime (which is one of the basis for DSR theories) and even pointed out the 
dual relation between the Planck length (invariant length in DSR) and the de Sitter length 
(invariant length in de Sitter). In another paper, Aldrovandi et al showed how the 
Heisenberg algebra is modified in de Sitter space-time. The Heisenberg algebra they derived 
is dual to the Heisenberg algebra of quantum gravity that arise at the Planck length. 
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To put this work in perspective, Bacry and Le Blond |8[ first presented the de Sitter 
group when they argued kinematically the possible Lie algebras satisfied by translations, 
real rotations and Lorentz boosts under the assumptions of spacetime isotropicity and parity 
and time-reversal automorphism. Contractions to various groups, including Poincare and 
Newton-Hooke groups, were also first discussed in this paper. Since then, many papers, 
including those by the groups cited above and those cited in the next section looked into the 
various aspects of de Sitter spacetime. A comprehensive discussion of de Sitter relativity is 
found in the recent paper of Cacciatori et al [9|. The present author's derivation of de Sitter 
algebra made use of the coalgebra and the Heisenberg double construction used in kappa 
Poincare deformation thus the label dual kappa Poincare algebra. The direct connection 
with de Sitter algebra is done in this paper by proving that the two are isomorphic. Also 
in this work, we will show that the coordinate systems used in de Sitter spacetime satisfy 
the general condition for dual kappa Poincare spacetime, thereby hinting that the physics 
of dual kappa Poincare algebra is de Sitter relativity. The results on the Casimir invariant 
of dual kappa Poincare, from which we derive the speed of light and scalar field theory are 
all known in de Sitter relativity except it was presented here in the way how things are 
derived in DSR. The new contribution in this part is the derivation of the coproduct rules 
in the various coordinate systems used in de Sitter space-time. The observer-independent 
minimum momentum, which leads to a dual generalized uncertainty principle are the new 
contributions in the field of de Sitter relativity. 

II. EQUIVALENCE OF DUAL KAPPA POINCARE AND DE SITTER 



In a recent paper [4], the author derived another way of modifying the Poincare alge- 
bra such that the Lorentz algebra is maintained, space-time commutes (but does not co- 
commute) while the momentum space co-commutes (but does not commute). By structure 
and construction this algebra is dual to the kappa Poincare algebra in the bicrossproduct 
basis and thus appropriately called dual kappa Poincare algebra. The algebra is given by 
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the following relations: 



[M u Mj] = ie ljk M k , 


(la) 


[N^NA = -ie ijk M k , 


(lb) 


[M u Nj] = ie ijk N k , 


(lc) 


[Mi,P Q ] = 0, 


(Id) 


[Mi,Pj] = ie ijk P k , 


(le) 


[Ni,P ] =iP i + iKN i , 


(If) 


[Ni, Pj] = i5ijP + ihe ijk M k , 


(lg) 


where Mi, Ni and P M are the rotation, boost and momentum er 


^nerators. Note, we corrected 


the sign errors in equations (lb) and (lg) that was given in [4 


|. The parameter R is related 


to the cosmological constant A and de Sitter length / via 




« = a! = r\ 


(2) 



We will now show that this algebra is isomorphic to de Sitter algebra. 
The de Sitter algebra is geometrically understood by embedding de Sitter space-time in 
a five- dimensional Minkowski space-time through the hyperboloid [7|, 10], 11 |. 



v vavb = % - y ■ y - Va = -I , (3) 

where I is the de Sitter length and r\ AB = (+, — , — , — , — ) is the five- dimensional metric and 
capital Latin letters run from to 4. The isometries of the hyperboloid are generated by 
the so (1,4) algebra, the Lorentz algebra of the five-dimensional Minkowski space, which are 
also the generators of the de Sitter algebra. The generators are given by 

Jab = Va^b - Vb^a, (4) 

where tta = irjABjf-^- The so (1,4) algebra is given by 

[Jab, Jcd] = iVbcJad + ^ A dJbc ~ ^agJbd ~ ^bdJac- (5) 

This equation contains the so(l,3) Lorentz algebra of the 4 dimensional Minkowski space- 
time, which is the same as equation (5) except the indices A, B etc. are replaced by lower 
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case Greek letters /i, v, etc. that run from to 3. The so(l,3) algebra can be rewritten as 

[m^nij] = ie ijk m k , (6a) 

(6b) 
(6c) 

where the indices (i,j,k) run from 1 to 3 and 

^ijkJjk) (7a) 
= Jo,- (7b) 



~1£ijk?Tlk j 



ITLi 



n, 



From equations (5) and (6) we can identify the the Lorentz subalgebra of the 4D de Sitter 
algebra with the flat space Lorentz algebra, i.e., 



771 j £ijk%jPki 

rii = x pi - Xip , 



(8a) 
(8b) 



where (x^,/^) are the Minkowski phase space variables. The realization of the transla- 
tion generators of de Sitter space depend on the choice of coordinates on the hyperboloid. 



However, the translation generator is defined 



10| 



i^- 



Using equation (5), we find that the translation generators satisfy 

^IppPu VvpPpi 



T P 



P P 
1 pi 1 V 



-R 2 J, 



pv • 



(9) 

(10a) 
(10b) 



Equations (5) (with A,B replaced by /i, v\ (10a) and (10b) constitute the de Sitter algebra. 
The accompanying phase space algebra and the action of rotations and boosts on space-time 
depend on the coordinate system used. 

Equations (la) to (lc) of the dual kappa Poincare algebra are the same as equations (6a) 
to (6c), they represent the Lorentz subalgebra. Equations (Id) and (le) are the same as 
equations (10a) with fi — i, v — j. However, equations (If) and (lg) are not the same as 
equation (10a) with fi = i, v = 0. Lastly, in dual kappa Poincare algebra 



[Pi,Pj]=0, 



(11a) 
(lib) 
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which are definitely not the same as equation (10b) of de Sitter algebra. Thus, it looks like 
the dual kappa Poincare algebra is not the same as de Sitter algebra. However, consider the 
following simple transformations: 



N> = Ni, 
Mi = Mi, 
Pq = Pqi 
P t = P t + RNi. 



(12a) 
(12b) 
(12c) 
(12d) 



Equations (12a) and (12b) guarantee the same Lorentz subalgebra. Equations (12b) and 
(12c) will also leave unchanged equations (Id) and (le), which are the same as in de Sitter 
algebra. Using equations (If) and (lg) and equations (12a) and (12b), we find 



N- P 



Po, Pi 



P P 

ii 3 



= iSijPo, 
= iPi, 
-ih 2 Ni, 

-ijk 1 



-iK 2 e ijk M k . 



(13a) 
(13b) 
(13c) 
(13d) 



Now, equations (13a) and (13b) are the same as equation (10a) for /i — 0, v — i while 
equations (13c) and (13d) are the same as equation (10b). Thus, by a simple transformation 
defined by equation (12d) the dual kappa Poincare algebra is isomorphic to de Sitter algebra. 

Since dual kappa Poincare algebra is isomorphic to de Sitter algebra, their space-times 
must be the same. And indeed this will be shown true to be true in the following. Reference 
(3) clearly shows that the space-time of kappa Poincare is not unique. Expressed in terms 
of a reference Minkowski space-time, the dual kappa Poincare space-time are given by 



Xq = f(x ,x-x), 
Xi = Xig(x ,x-x), 



(14a) 
(14b) 



with inverses given by 



x = F(X ,X-X), 
Xi = XiG(X ,X-X) 



(15a) 
(15b) 
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Equations (14a) and (14b) are are derived by imposing that the rotation generators Mj leave 
time invariant and rotate the spatial coordinates. The action of boosts iVj on space-time are 
given by 

[Ni,X ] = tD(X ,X-X)X u (16a) 
[Nil X 3 ] = t5 l3 A(X , X-X) + i.X^XjIH.Xa. X ■ X), (16b) 

where 

A = Fg, (17a) 

Since A, B and D satisfy the non-linear equation 

~D + 2 Z ^ A+(X-X)B\-AB = 1, (18) 

dx o d(x-x) 1 J 

out of the two functions /, g (or equivalently F, G), one is left unspecified. Thus, there is no 
unique dual kappa Poincare space-time. Equations (14) to (18) are similar to the relations 
satisfied by the momenta in kappa Poincare algebra, thus the label dual kappa Poincare 
algebra is appropriate for the algebra we are considering here. 

We will now show that the known coordinate systems used in describing de Sitter space- 
time satisfy equation (18). In reference (3), the dual kappa Poincare algebra in the dual 
bicrossproduct basis was presented. Its space-time X^ is given in terms of a reference 
Minkowski space-time by the transformations 



with the inverses 



X Q = f = — In (kxq + \ n 2 (xl — x ■ x) + 1), (19a) 

Xi = Xig = x- -=======, (19b) 

KXQ + v K \ x o — x ■ x) + 1 



1 _ K - - 

x = F = — sinh (RX ) + -X ■ X exp (RX ), (20a) 
Xi = XiG = Xi exp (RXq). (20b) 
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Equations (19) and (20) define the planar coordinates of de Sitter space-time [111 ] . which is 
usually presented with the fifth coordinate of the hyperboloid given by 

Xi = -cosh— - -(X -X) exp (RX ). (21) 

K K 2 

What is the relevance of completing the Minkowski space-time (x , x) to de Sitter space- 
time (xq,x, X4) in defining the dual kappa Poincare space-time (Xq,X)7 Kowalski-Glikman 
[l^ showed that the geometrical basis of the bicrossproduct kappa Poincare algebra is de 
Sitter momentum space. Since the dual bicrossproduct basis of the dual kappa Poincare 
algebra has the same structure as the bicrossproduct basis of kappa Poincare algebra in 
momentum space for the latter but in space-time for the former, then the same argument 
for the completion to de Sitter space-time holds. In particular, without the completion to 
de Sitter space-time equation (19) would have led to a trivial co-product instead of 

A(X ) = X g> 1 + 1 ® X Q , (22a) 
A(Xi) = Xi g> 1 + exp (-RX ) <g> Xi. (22b) 

By construction of the dual kappa Poincare algebra, its space-time is not unique because 
one of the two functions / and g (or equivalently F and G) is left unspecified. The dual 
kappa Poincare space-time satisfies a non-linear constraint given by equations (17) and (18). 
In the case of the dual bicrossproduct basis, which is the same as the planar coordinates of 
de Sitter space-time, equations (17), (19) and (20) yield 

A v = -^(1 - exp (-2SXo)) + • X), (23a) 

ZsK A 

B p = -R, (23b) 
D p = 1. (23c) 

These satisfy equation (18). What we will show is that some of the other known coordinates 
used in de Sitter space-time also satisfy equation (18) and this should conclusively prove 
that the space-time of dual kappa Poincare is de Sitter space-time. We have not verified 
that all the coordinate systems used in describing de Sitter space satisfy equation (18) but 
since these different coordinate systems are different ways of parametrizing the hyperboloid 
given by equation (3), then the different coordinate systems can be related to one another. 
And if one satisfies equation (18), the others should also satisfy equation (18). Thus we will 
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only verify the dual kappa Poincare space-time relation for a few of de Sitter space-time 
coordinate systems. 

(a) Natural coordinates 

This is the simplest case since 

y, t 

The fifth coordinate of the hyperboloid is given by 



(24) 



y'i 



From equation (24) we read off 



fn 



= h 



> 



from which we get 



G n 
B c 



1. 



= o, 
= 1, 



o- 



(25) 

(26a) 
(26b) 
(26c) 
(26d) 

(27a) 
(27b) 
(27c) 



which obviously satisfy equation(18). Thus, we have shown that the natural coordinate 
system used in de Sitter space-time satisfy the dual kappa Poincare spacetime condition. 

The coproduct rule for the natural coordinates of de Sitter spacetime (equivalent to equa- 
tion (22)) easily follows from the classical basis of DSR [ijj] because the natural coordinates 
of de Sitter spacetime is dual to the classical basis of DSR. From the coproduct rule of the 
momenta in the classical basis of DSR, we infer the coproduct rule for the natural coordinates 
given by 

X? <g> K + 1 ® X?, 



where 



A(X " 



K 



A(Xf) 



(K <g> K - KT 1 ® KT 1 ) +H 



X£ + ((X ") 2 -X n -X n + V 



H 



KT X n ■ X n <g> K + 2K" i Xf ® X? + K ® K' L X n ■ X n 



(28a) 
(28b) 

(29a) 
(29b) 
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(b) Beltrami coordinates 

The Beltrami coordinates of de Sitter space-time are given by 

y, = i X " =^== - (so) 

^l-R 2 ((X b ) 2 -X b -X b ) 
The fifth coordinate of the hyperboloid in terms of the Beltrami coordinates is 

y\ = (1 - R 2 X 2 )^. (31) 



The inverse of equation(30) gives 



From these we derive, 



X, = . V r . (32) 
V 7 ! + k 2 y 2 



fb = , y ° _ =, (33a) 
a/1 + n 2 y 2 

9b = 75 = = , ( 33b ) 



n 2 y 2 



p > = TOT' (33c) 
fl ' = ^™- (33d) 

From equations (33a) to (33d), we get A&, 5;, and L>b with values the same as those given 
by equation (27), which means the Beltrami coordinates of de Sitter space also satisfies the 
condition for space-time of dual kappa Poincare. 

We will now derive the coproduct rule for Beltrami coordinates. We can easily relate 
the Beltrami coordinates to the planar coordinates by making use of the relations of both 
coordinate systems to the hyperboloid. The result is 

X b = ±smh(RX ) + %(X ■ X)ex V (RX ) 

(i + r)5 

X* = X * eXp( " Xo) , (34b) 

(i + r)s 

r = sinh 2 (RX ) + ^ (x ■ X} exp (2RX ) - -R 2 (x ■ X^j exp (2kX ) - ^R 2 (x - X^j . 

(34c) 

The coproduct rules can be systematically expanded in powers of R, which is a valid ex- 
pansion parameter because its value is very small. We do this by (i) doing a Maclaurin 
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expansion of equations (34a) to (34c) in terms of Xq and X ■ X (note, there is no operator 
ordering problem because the coordinates commute), (ii) using the coproduct rules for the 
planar coordinates given by equation (22), (iii) employing the following coproduct rules 



A(AB) = A(A)A(B), 
(A ®B){C®D) = AC® BD, 



(35a) 
(35b) 



and (iv) expressing the planar coordinates in terms of the Beltrami coordinates as given by 

X? 



Xi 



X n = - In 



1 + RX£ 



B 



(36a) 
(36b) 



i - k 2 ((x b ) 2 - x B ■ x B ) 

The resulting coproduct rule for the Beltrami coordinates, expanded up to order R, are 



A(Xf ) = X? ® 1 + 1 ® Xf + R[Xf % X* + 1 ® Xf X*} + ... 



(37a) 



A(Xf) = Xf <g> 1 + 1 ® Xf + ^[(X B -X B ) ® 1 + 1 <g> (X B • X B ) 

2 (37b) 

- (X B ) 2 <g> 1 - 1 <g> (X B ) 2 + 2Xf ® Xf ) + . . . . 
(c) Conformal coordinates 

This is arrived at through stereographic projections from the 
(see equation 3) to a 4D space-time (Xq, Xf) and it is given by 

1 



xyperboloid coordinates ija 



13|- 



XI 



\\-U{^Y-^-x^\ " 



(38) 



For completeness and comparison with the planar coordinates, we give the fifth component 
of the hyperboloid in conformal coordinates 



41 



(39) 



where y 2 = y 2 — y ' ■ y. The inverse is given by 



v 



2Vu 



(40) 



1 + (1 + R 2 y 2 ) 
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From these we identify 



fc = - 




(41a) 

(41b) 

(41c) 
(41d) 

If the conformal coordinates of de Sitter is to satisfy the condition for dual kappa Poincare 
space-time, the corresponding A c , B c and D c should satisfy equation (18). Indeed this is 
true since the values are the same as those given in equation (27). 

To derive the coproduct rules for the conformal coordinates, we follow the same proce- 
dure we used in the Beltrami coordinates. Using the conformal coordinates - hyperboloid 
coordinates relation given by equation (40) (we will use the second relation) and the hyper- 
boloid - planar coordinates relation given by equation (15), we derive the conformal-planar 
coordinates relations 



| sinh (kX ) + k(X ■ X) exp k,X 



Xf = 



i + (i + r> 

2Xi exp RX 



i + (i + r)5 



(42a) 
(42b) 



where T is given by equation (34c). Doing a Maclaurin series expansion and making use 
of the coproduct rules given by equation (35) and making use of the inverse relations to 
equations (42a) and (42b), which gives 

"i + kX c + £ (X°- Y) 



x n 



In 



1 - f ( X°- X) 



X, 



4 

Xf 



l + /tX c + f(^ c - X) 



(43a) 
(43b) 



we get the coproduct rules up to order n 



A(X C ) 



Xf 



1 + 1 ® X C + RXf ® xt + . . . , 
1 + 1 <8> Xf t + RXf t ® X C + . . . . 



(44a) 
(44b) 
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Thus, we have established that the space-time of dual kappa Poincare algebra is de Sitter 
space-time. We also worked out the coproduct rules for some of the coordinate systems 
used in de Sitter space-time. The lowest order corrections to flat space-time coproducts are 

fi n 

given by the k terms in equations (37) and (43). From |5[, |6[, which showed that de Sitter 
relativity has two invariant scales - the speed of light and de Sitter length, it follows that 
the physics of dual kappa Poincare algebra can be appropriately called dual DSR. 



III. THE CASIMIR INVARIANT AND THE SPEED OF LIGHT 



The Casimir invariants of an algebra commute with all the generators of that algebra. 
The first Casimir invariant is particularly significant because the speed of light and the scalar 
field theory are derivable from it. In the case of Poincare algebra, where the first Casimir is 
given by 

C(p ,p-p)=pl-p-p = m 2 . (45) 

The speed of light is given by 

^ 1. (46) 



dp 



m— i-0 



In the case of kappa Poincare algebra in the bicrossproduct basis with algebra given by 



[M^Mj] =ie ijk M k , 
[Mi, Nj] = ie ijk N k , 
[Ni, Nj] = -ie ijk M k 
[Mi,P ] = 0, 
[Mi, Pi, 
[N h P )=iPi, 



^ijkPki 



[N i) P j \=i5 K 



Pn 



- 1 - exp (-2—) + — P ■ P 



2k 



PP. 

131 

K 



the first Casimir invariant is given by 
C(P ,P-P) 



2k sinh( — ) 
2k 



(P-P)exp(- ) =m 2 . 



(47a) 
(47b) 
(47c) 
(47d) 
(47e) 
(47f) 

(47g) 
(48) 



The second equality in equation (48) follows from the Poincare limit (k — > oo), which gives 
Pq ~^ Po an d Pi Pi- From this Casimir invariant, we derive the speed of light 



dPo 
dP 



m— 
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(49) 



Equation (49) gives an energy or frequency dependent speed of light that apparently is not 
consistent with the recent gamma ray burst experiment 

We will follow the same procedure in deriving the speed of light in dual kappa Poincare 
algebra. However, in this case, we find that the Casimir invariant cannot just be a function 
of Pq and P ■ P. The dual kappa Poincare algebra is given by equation (1) while its phase 
space algebra is given by 

[X tM ,X 1/ ]=0, (50a) 
[Pi,X ] = [Pi, =0, (50b) 
[P ,X ]=i, (50c) 
[P i ,X j ]=-i6 ij , (50d) 
[P Q ,X l ]=-iRX h (50e) 
[P Q ,P i ]=iRP i . (50f) 

These equations mean that in dual kappa Poincare, space-time commute but not co-commute 
and the momenta co-commute but do not commute, which are opposite to those in kappa 
Poincare [4|. If we look for a Casimir invariant that is purely a function of Pq and P ■ P, 
the algebra given by equation (1) will yield C = 0, i.e., a trivial Casimir invariant. Thus, 
we need to expand the dependence of the Casimir. Since the Casimir invariants are scalars, 
it should depend only on M ■ M, N ■ N, M ■ N + N ■ M and N ■ P + P ■ N. There is no 
M ■ P + P ■ M because this term is zero as can be seen from the fact that (see [4J) 

M 4 = e ijk XiP k . (51) 

Assume the following ansatz for the Casimir invariant 

C = P 2 - P ■ P + aN ■ N + bM ■ M + c(N ■ P + P ■ N) + d(M ■ N + N ■ M). (52) 

Taking the commutator with P , we get a = 0, c = — R, d = 0. Taking the commutator 
with Pi, we get b = —R 2 . With these values, we find that the commutators with Mj and iVj 
are trivially satisfied. Thus we find that the Casimir invariant of the dual kappa Poincare 
algebra in the dual bicrossproduct basis is 

C = P 2 - P ■ P - R 2 M ■ M + -R(N -P + P-N). (53) 
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In the Poincare limit, i.e., R — > 0, we find equation (53) reducing to the Poincare first Casimir 
invariant, thus C = m 2 and the Casimir invariant for the dual kappa Poincare algebra seems 
to be correct. 

Equation (53) is one of the main results of this paper. And we will use this result to 
derive the speed of light by following the same prescription in Poincare and kappa Poincare 
algebras. First we derive an expression for Ni in terms of the dual kappa Poincare coordinates 
and momenta. Using equations (20b), (34a), (34b) of Q], we find 

N = -^rPi + XP - ^P(X ■ X) + exp (-2RX ). (54) 
2k 2 2k 

This expression for Ni has operator ordering ambiguity in the second and third terms because 
of the non-commutativity of Pq with X{ (see equation (50e)) and the non-comutativity of Xj 
with Pj. And if we do not operator order these two terms, we find that the Lorentz algebra 
relations given by equations (lb) and (lc) will not be satisfied. The operator-ordered Ni 
that is consistent with the dual kappa Poincare algebra given by equations (la) to (lg) is 

Ni = ~Pi + l(XiP + P Xi) - - A (Pi(X ■ X) + (X ■ X)Pi \ + -^P.exp (-2RX ). (55) 
2k I 4 V / 2k 

These consistency calculations, which make use of the dual kappa Poincare phase space 
algebra (equation (50)), are straightforward but rather long and tedious. 
Using equations (51), (55) and (lg), we express the Casimir invariant as 

C = Pi - (P ■ P) exp (-2kX ) - • X)P + P t P X t + 3tP ] 

+ — [2(P -P)(X-X) + Pi(X ■ X)Pi - 2(X -X)(P-P)- 2i(X ■ P) + 2(X ■ P) 2 } = m 2 . 

(56) 

From this expression, we find the speed of light in dual DSR 

q « exp (-RX ) (57) 

Thus, we find that the speed of light in the dual bicrossproduct basis of the dual kappa 
Poincare algebra is the coordinate velocity of light in the planar coordinates as given by 
ds 2 = with 

ds 2 = dX 2 - exp (2RX )dX ■ dX. (58) 

This result is expected because the spacetime of the dual kappa Poincare algebra in the dual 
bicrossproduct basis is the planar coordinates of de Sitter gravity. 
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IV. SCALAR FIELD THEORY 



In the Poincare case, the scalar field theory - the Klein-Gordon equation, is derived from 
the first Casimir invariant and a differential realization of the momentum operator, which in 
turn follows from the phase space algebra. In the kappa Poincare algebra, the field theory is 
rather involved because of the non-commuting spacetime. Expressed in terms of Minkowski 
spacetime, the scalar field theory of kappa Poincare is given by the non-local expression [l^ 



S 



where d 2 = d 2 — d ■ d. 



'VT+^id^) + — <f>*VT+W(j> 1 



(59) 



In the case of dual kappa Poincare algebra, we do not expect a non-local field theory 
because space-time is commutative. Also, given the results in section II, we expect a local 
field theory in de Sitter gravity. This will be shown stating from the Casimir invariant given 
by equation (49). The phase space algebra given by equation (43) is realized by the following 
differential realization of the momentum operators 



Pn 



% — — = tkXj—^ 

J 8X, 



dX 

A = -i- 







dX, 



Substituting these in equation (56), we find the scalar field equation 



ff 2 



dX 2 



d - . d 2 2 

— 3k— + exp (— 2kX ) - 2 — m 



0. 



dX i y dX( 
This is precisely the Klein- Gordon equation in de Sitter space-time given by 

1 



(60a) 
(60b) 

(61) 



\9 



m 



0. 



(62) 



with the metric given by equation (58). Thus, the field theory derived from the Casimir 
invariant of the dual kappa Poincare algebra in the dual bicrossproduct basis is de Sitter 
scalar field theory in planar coordinates. 

V. MINIMUM MOMENTUM 

Physics at the Planck length - strings, quantum gravity, DSR - require the modification 
of the uncertainty principle (UP) to what is now called generalized uncertainty principle 
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(GUP) because the Planck length, which provides a natural limit to spatial measurements, 
will involve tremendous energy that will necessarily require gravity to be quantized. In the 
case of DSR, which is called a bottom-up approach to quantum gravity, the Planck length is 
observer- independent. In dual DSR or de Sitter relativity, the biggest length scale is the de 
Sitter length, / 10 26 m. By de Broglie's argument, we can associate a wave of momentum 
Pmin = h/l. In the present universe, these 'photons' with P m i n must have been remnants 
of some primordial photons (the tail end of the microwave background radiation pattern) 
created during the Big Bang, which were 'stretched' so to speak as the universe expanded 
to its present size. Since the wavelength is the size of the universe, these photons provide a 
static (frequency of the order of 10 _18 sec _1 , very weak uniform background electromagnetic 
field that carry very little energy carry (will not create pairs of particles), thus, their presence 
is hardly noticed. But if the Planck length provides a natural limit to spatial measurement 
and results in the generalized uncertainty principle, the minimum momentum should also 
provide a natural limit to measurement of momentum of particles because having such a 
momentum will disturb particles and as we will show here will lead to a change in the 
uncertainty principle to what we will call dual generalized uncertainty principle (dGUP). 
And in analogy with DSR, this minimum momentum must be observer-independent. This 
easily follows from the de Broglie relation and the fact that in de Sitter relativity the de 
Sitter length is an invariant. 

We now give two heuristic derivations of the dual generalized uncertainty principle. First, 
consider a one dimensional system. The momentum p = mv involves measuring the position 
x at two times, t and t + 5t, and letting 5t — > 0, i.e., 



Unfortunately, in quantum mechanics, the time resolution is limited by the uncertainty 
principle AE5t = h and thus we really cannot let St — > 0. The limit to time resolution is 
set by the Planck time, 10~ 43 sec, which means quantum gravity effects must be taken into 
account. We will assume that the time resolution is much greater than the Planck time 
so we can neglect quantum gravity effects. The uncertainty in momentum measurement is 
given by 



The first term is the usual uncertainty in momentum and is thus equal to The second 




(63) 




(64) 
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term is AFSt, the uncertainty in the impulse on the particle while the measurement is being 

done and this must be due to the presence of 'stretched' out photon of minimum momentum. 

But note that since the uncertainty in position of the particle is Ax, the imparted impulse 

Ax 

from the 'stretched' out photon of wavelength /must only be P m i n —^- because the momentum 

Pmin 

density of the 'stretched' out photon is — - — . Thus, we find 

Ap = 2S + % A *' < 65 > 

where we neglected a factor of \. 

Equation (65) can be derived in another way. Consider the three dimensional case. The 
expression given by equation (64) will be considered as the uncertainty along one direction, 
say, along the x axis. As in the first derivation, we will attribute the second term to the so 
called 'stretched out' photon, in particular to its electric field (magnetic force is generally 
much weaker because B = ^a), which means AF X = qAE x , where q is the charge of the 
particle and AE is the uniform, weak background electric field. The energy carried by this 
field is cPmin with energy density eoAE 2 , where eo is the electric permittivity of the vacuum. 
Since the volume is f tt/ 3 , and the fact that a particle's velocity is typically 10~ 2 of the speed 
of light (fast but non-relativistic to neglect magnetic force), the second term of equation 
(64) becomes 

2ndterm = b^^Ax, (66) 



■> KQ 2 

where the proportionality factor b given by 10 2 \l — is of order 1. This follows by putting 

4fie c 

in the values of h, eo, c and the fundamental electric charge. 

Equation (65) is the dual version of the generalized uncertainty principle (GUP). The 
GUP (see for guide to the original literature and 18] for a heuristic derivation) is given 
by 

ft L 2 

Ax = ^ + -^Ap. (67) 
Ap n 

The corrections in both (GUP) and (dGUP), the second terms of euqations (65) and (67), 
are both extremely small. The (GUP) correction arise from quantum gravity effects, which 
make space-time non-commutative. The (dGUP) correction arise from the curvature effects 
of the cosmological constant, which leads to non-commuting momentum. 

GUP was shown to follow from a modified Heisenberg algebra, typically written as 

[xi,pj] = ih {5ij + a5ijp 2 + f3piPj] , (68) 
19 



where the corrections to the Heisenberg uncertainty principle, the a and (3 terms, are quan- 
tum gravity corrections dependent on the Planck length. A number of derivations of the 
Heisenberg algebra had been presented in the literature 19|, 20|, 21] . The dual version of 
the generalized uncertainty principle (dGUP) must also be derivable from a deformation of 
the Heisenberg algebra that takes into account space-time curvature. And indeed there is 
such a deformation and it was presented a number of years ago by Aldrovandi and collabo- 
rators Its form is similar to equation (68), only the corrections involve the coordinates 
and the constants are dependent on the de Sitter length (or cosmological constant or R). 

Before we end this section, we note that the derivation of (dGUP) makes use of the 
'stretched' out photon which has minimum momentum. But in the evolution of the universe 
from the Big Bang to the present, both gravity and electromagnetism remained long-range 
forces while the other two (strong and weak) became very short-range forces. If there are 
photons that 'stretched' out as the universe expanded (the analogy is the sound of a guitar 
string as the player moves the finger to lower fret resulting in sound of lower tone) , there must 
also be gravitons that did the same. Unfortunately, the heuristic arguments used in deriving 
the (dGUP) rely on energy and momentum densities, local quantities not well-defined in 
gravity. This is the reason that we ascribed the minimum momentum to the 'stretched' out 
photons. Besides, it is clear from the microwave background radiation pattern that very long 
wavelength EM wave exists while gravity waves has not been found yet. Still, there must 
be a proof of (dGUP) that should not depend whether the particle is electrically charged or 
not. The effect of curvature due to the cosmological constant on short- distance physics as 
expressed through (dGUP) must be derivable regardless of the technical problem of defining 
a local energy momentum tensor in gravity. 



VI. CONCLUSION 



This paper discussed the physics of dual kappa Poincare algebra, which turned out to be 
de Sitter relativity as the discussions in Sections II to IV show. However, the results are 
derived using the methods of DSR. This paper contributed the following to the topic of de 
Sitter relativity: (1) showed another derivation of the de Sitter algebra by making use of 
the Heisenberg double contruction and the co-algebra and then followed by an isomorphic 
transformation, (2) showed that the different coordinate systems used in de Sitter space-time 
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satisfy the general condition satisfied by dual kappa Poincare space-time, (3) derived the 
co-product rules for the conformal, natural and Beltrami coordinates of de Sitter relativity, 
and (4) introduced the concept of observer-independent mimimum momentum and gave a 
physical origin for such a momentum, (5) and derived heuristically the change in uncertainty 
principle, the dual (GUP), which represents the effect of curvature due to the cosmological 
constant on short- distance physics. 

This paper then presented de Sitter relativity as dual to DSR. The derivations to arrive 
at de Sitter physics followed the methods in DSR. Given the fact that de Sitter relativity 
came way ahead of DSR, actually we could alternatively say that DSR is dual to de Sitter 
relativity. 
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